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A simplification of the vorticity equation and an extension 





 A simplified form of the vorticity equation for arbitrary coordinate systems is derived. 
Using streamlined coordinates it is shown that in three-dimensional Euler flow, as in the 
two-dimensional case, any component of the vorticity tensor not directed along fluid 
particle trajectories must remain constant throughout the particle motion. The condition of 
alignment of the vorticity and angular momentum vectors in steady vortices is studied. The 
viscous term in the Navier-Stokes equation is shown to be a source of the misalignment of 
these two vectors. The core of Hill’s viscous spherical vortex overcomes this potential 
deterrent to steady flow by the assumption of incompressibility. The alignment of the 
vorticity and angular momentum vectors is compared with organized (useful) energy, and 
their misalignment with disorganized (non-useful) energy. 
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 The Navier-Stokes equation presents various difficulties to those seeking to solve it. 
Because of the presence of partial derivatives in all three spatial variables and the vectorial 
nature of the equation, the most promising solution methods involve the use of streamlined 
coordinate systems, which consolidate much of the spatial dependence into a single spatial 
variable. The solution can then be found by integrating along streamlines. An example of this is 
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where variables in the streamline coordinate system are denoted with overbars. In this case the 
streamline coordinate system happens to be a cylindrical coordinate system. Therefore, 2x , is the 
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spatial variable θ in the streamwise direction, and dtxd kk /=v  is the velocity tensor. The 
variable 1x  in this case is the radius R from the vortex center. 
 Some numerical solution schemes are limited to two dimensions due, in part, to the 
computational load and large storage requirements associated with the connection coefficients 
(Christoffel symbols) inherent in general coordinate systems [2,3]. It is well known that in two-
dimensional Euler flow, vorticity is conserved along streamlines [4]. Equally well known, 
however, is the fact that such a result has not been established for 3D Euler flows [4-6]. This 
obviously limits the assumptions that can be made when attempting to solve for general three-
dimensional flows analytically. The purpose of this paper is to present a mathematical 
simplification of the vorticity equation valid in arbitrary coordinate systems and to extend the 
vorticity persistence theorem to three dimensions. It will be shown that in three-dimensional 
Euler flow, as in the two-dimensional case, any component of the vorticity tensor not directed 
along fluid particle trajectories must remain constant along particle paths. The key to the proof is 
a mathematical simplification of the nonlinear convective terms in the vorticity equation. 
 
2. Simplification of the Vorticity Equation 
 The steady vorticity equation, obtained by taking the curl of the steady Navier-Stokes 












ν=− vv , (3) 
where  are components of the inverse of the metric tensor of the arbitrary coordinate system, 
the comma before an index represents covariant differentiation, and body forces are zero. What 
has limited three-dimensional approaches until now is the fact that in 3D flows, it can happen 
that  in 
pkg
0≠∇⋅ vω (3); in other words, vortex stretching is possible in three-dimensional flows. 
Therefore, a vast arsenal of methods available for two-dimensional flows is not available in 
three-dimensions [4]. The added complexity of three-dimensional flow can be reduced, however, 
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By the symmetry in the two lower indices of the Christoffel symbols, 18 terms in (4) cancel each 
other, so that (3) becomes: 
 ( ) pikpkkikkik ωgxωx ,,ν=∂∂−∂ω∂ vv  (5) 
for any coordinate system with a symmetric connection. This is, of course, not limited to 
rectangular, cylindrical, and spherical coordinate systems but also includes non-orthogonal 
systems as well as arbitrary streamlined coordinate systems. Replacing (3) with (5) can 
dramatically simplify computations in some numerical solution schemes, particularly when 
complicated coordinate systems are used. For Euler flows in particular, it may allow the use of 
more complex three-dimensional coordinate systems without additional computational overhead. 
The variables x, v, and  in ω (5) are always tensor quantities, regardless of the coordinate system 
used. However, those in (3) are physical quantities, which may or may not be tensors, depending 
upon the coordinate system used. Therefore, the statement made previously [7] by the author that 
the vortex stretching term in (3) would be zero if 2v  and 3ω  were the only non-zero components 
of their respective tensors [setting 2=i  and 3=j  in (3)] and if 2v  were independent of 3x , 
should be qualified as follows: What remains of the vortex stretching term in (3), after 
cancellation of terms containing Christoffel symbols, is zero if 2v  and 3ω  are the only non-zero 
components of their respective tensors and if 2v  are independent of 3x  [set  and 2=i 3=k  in 
(5)]. 
 
3.  Proof of Vorticity Persistence for 3D Euler Flow 













ω vv . (6) 
The applicability of this equation is not limited to inviscid flow, since it is satisfied when either 
 or , examples of the latter case being the elliptical patch of uniform vorticity and 
Hill’s spherical vortex. Though not as general as 
0=ν 02 =∇ ω
(5), it is more general than the title of this 
section would imply because it can happen that  while , as in the case of 
Hill’s spherical vortex. Equation 
02 ≠∇ v 02 =∇ ω
(6) is also not necessarily limited to incompressible flows. 
 Since (5) is valid in any coordinate system, it is valid in streamlined coordinate systems. The 
velocity tensor in a streamlined coordinate system will be denoted with overbars, and the 
nonzero component will be, say, 2v . Then when i = 1 or 3, (5) simplifies to: 
 ( ) pikpki ωgxω ,,22 ν=∂∂v   )2( ≠i  (7) 




ω i . )2( ≠i  (8) 
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Since the directions 1x  and 3x  were arbitrary, integrating (8) shows that any component of the 
vorticity tensor not directed along fluid particle trajectories in a flow described by (6), which 
includes 3D steady Euler flow, must remain constant throughout the fluid particle motion. This 
result is valid generally, with or without swirl, and whether the flow is axisymmetric or not. 
 To extend the result to unsteady flow, one merely defines the material derivative in terms of 
tensor components rather than physical components. In a cylindrical coordinate system, for 




























Therefore, the tensor td/d2 θ=v  is used instead of tRR d/dθ=v , for example. Likewise, for 
the unsteady version of (7) with a right side of zero, we have: 
 0=
tD
ωD k . )2( ≠k  (10) 
This result states that the off-trajectory )2( ≠k  components of the vorticity tensor in a streamline 
coordinate system always remain constant if either 0=ν  or . 02 =∇ ω
 It is important to note that when written as in (8), the vorticity equation can be integrated, 
while written as an inviscid form of (3), it cannot generally, due to the presence of the Christoffel 
symbols. Further, the mathematical simplification of the previous section may be useful in 
studies of electricity and magnetism, since the same nonlinear convective term arises there, but 
with the vorticity field replaced by the magnetic field strength (see, e.g., [8] chapter 6). 
4.  Angular Momentum 
 A related result for the angular momentum can be obtained by considering the steady 
compressible continuity equation: 
 ( ) 0=∂∂ ii gρx v , (11) 
which is a convenient form when complicated coordinate systems are used. Here, g  is the 
Jacobian determinant of the transformation from any coordinate system to a rectangular system. 
 Equation (11) states that the Lie derivative of the quantity gρ  in the direction of the fluid 
velocity is zero. Consequently, in order to integrate this equation, one of the coordinates in the 
coordinate system should coincide with the direction of the fluid velocity. Therefore, writing 
(11) for a streamlined coordinate system with the nonzero velocity component again being 2v , 
one can set i = 2 in (11), integrate with respect to 2x , and solve for velocity to obtain: 
 
gρ
xxf ),( 312 =v , 0, 31 =vv . (12) 
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Here, g  is the Jacobian determinant of the transformation from the streamlined coordinate 
system to a rectangular system. In general, the constant of integration, f, may depend upon at 
most 1x  and 3x , whose directions are any two independent directions not parallel to the 
streamline direction, 2x . Therefore, the velocity along any given streamline is inversely 
proportional to the Jacobian determinant. 
 The covariant components of angular momentum are given by: 
 ( ) kjijkii xgρρ vε=×= vxl . (13) 
where  is the permutation symbol. Therefore, the ijkε 3x  component of angular momentum is 
found by substituting (12) into (13), to give: 
 ),( 3113 xxfx=l . (14) 
Likewise, the 1x  component of angular momentum is: 
 ),( 3131 xxfx−=l , (15) 
and in the streamwise direction: 
 02 =l . (16) 
Therefore, on every steady streamline, all components of the angular momentum tensor remain 
constant during fluid particle motion. 
5. A Condition between Vorticity and Angular Momentum 
 As shown in the previous two sections, both the angular momentum l and the off-trajectory 
components of the vorticity tensor  are constant along streamlines. The only caveats are that 
with the vorticity, this can only be guaranteed if the flow is inviscid or the Laplacian in the 
viscous term of the vorticity equation is zero, while for angular momentum it is only true if the 
flow is steady. (Recall that in inviscid flow, the entropy also remains constant along streamlines.) 
In fact, the alignment of these two tensors may be a measure of the useful energy contained 
within the vortex. 
ω
 Consider, for example, the fact found by the author that the kinetic energy of a laminar, 




1 , (17) 
where l is the local angular momentum per unit volume given by (13). For a rigid body in steady 





where L is the volume integral of l, and the rotation rate Ω is given by /2ω=Ω . The axes of the 
vorticity  and the angular momentum, l, are not necessarily parallel. When they are not, the 
“product” in 
ω
(17) does not represent all of the kinetic energy. A problem often faced by the 
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engineer is that of balancing rotating machinery. When a rigid body rotates about some axis not 
parallel to its angular momentum vector, the body begins to wobble. The vibrations induced by 
this misalignment of the axis of rotation (the vorticity) and the axis of angular momentum can 
become violent and can lead to mechanical failure if left unchecked. The break up of a vortex 
ring or a pair of standing eddies in nominally two-dimensional bluff-body flow may likewise be 
the result of a slight misalignment of the vorticity and angular momentum vectors. Therefore, 
when seeking steady solutions to the Navier-Stokes equation, it is reasonable to seek for those 
that can maintain this alignment. 
 It is clear from (8) that were it not for the viscous term in the steady momentum equation, 
the off-trajectory components of vorticity would remain constant along each streamline, just as 
the angular momentum remains constant. Therefore, the viscous term is a source of 
misalignment of the vorticity and angular momentum vectors. 
 Hill’s spherical vortex can be used to shed further light on the question of the alignment of 
 and l. Hill’s spherical vortex is sometimes referred to in the literature as an inviscid solution, 
but the core is actually a viscous flow. The viscous nature of Hill’s spherical vortex was first 
recognized by Hadamard [9,10]. The pressure field in the core of Hill’s spherical vortex, found 
by transforming the velocity field (see e.g., [7]) into cylindrical coordinates 
ω
),,( zR θ  and 























Δ . (18) 
Here,  is the pressure difference between any point in the vortex and the pressure 
 at the stationary point in the vortex core (at 
)( Cppp −=Δ
Cp 2/ORR = , 0=z  The pressure distribution in ).
(18) agrees with that reported by Llewellyn Smith and Ford [11] for the core of their spherical 
vortex, with the exception of the viscous term since they employed the Euler equations. Note that 
the viscous contribution to the pressure field of the spherical vortex contains the quantity, z, 
which is the streamwise distance from what would otherwise be a symmetry axis. Therefore, the 
effect of the viscous term is to break mirror symmetry about the y-axis. In a real flow, density is 
affected by this asymmetry in the pressure field so that the angular momentum calculated by (13) 
would become slightly misaligned with the vorticity field, which remains symmetrical about the 
y-axis. In a real flow, the streamline pattern created by the vorticity field probably adjusts 
slightly in response to this misalignment if the angular momentum is not too great. In Hill’s 
solution, the assumption of incompressibility removes this density dependence and preserves the 
alignment of  and l in spite of the asymmetrical pressure field induced by the viscous term. 
Taking the curl of the Navier-Stokes equation to obtain the vorticity equation discards the 
asymmetric pressure field. 
ω
 As shown above, misalignment of ω  and l requires the presence of the viscous term and, 
therefore, probably requires the unsteady term as well. Since the viscous mechanism appears to 
be related closely with the unsteady term, a viscous splitting technique, wherein the viscous term 
is solved together with the unsteady term and the left side of (7) is solved separately, may hold 
promise. For a review of other viscous splitting techniques, see [4], p. 119-129. The Oseen 
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solution, given by (1) and (2), is an example of such a splitting; it satisfies (6), which in 




∂ ν . 
Oseen’s solution satisfies (8) because, as seen from (1), 3ω  is not a function of the streamwise 
direction, 2x . 
 Equation (7) shows that when the viscous term is zero in a steady flow, which can occur 
either when  or , the alignment of the angular momentum and the off-trajectory 
vorticity (or more precisely, the projection of these two tensors out of the streamwise direction) 
must remain constant along streamlines. If, as in the case of Hill’s spherical vortex, the 
alignment is maintained by the condition , then any asymmetries remaining in the 
pressure field may be decoupled from the angular momentum field by a constant-density 
assumption. If, on the other hand, neither of these conditions exists, then the viscous term is non-
zero, and if the alignment is to be preserved, the non-zero viscous term must be offset by 
including the unsteady term (or a body force), as in the Oseen solution. 
0=μ 02 =∇ ω
02 =∇ ω
6.  Energy 
 Energy is usually thought of as being of two types: 1) organized, useful energy, or that 
capable of doing useful work, and 2) disorganized or chaotic energy, which is considered to be 
thermal energy. However, there is a difference between being chaotic and being organized into a 
system of such small eddies that the combined rotational motion cannot be extracted 
mechanically. A primary characteristic of organized or high quality energy is that, on some 
macroscopic scale, it is directionally dependent. This is immediately apparent when one 
contemplates how to extract it practically. It was stated in the previous section that the alignment 
of  and l might be a measure of the organized energy contained within the vortex. 
Correspondingly, their misalignment may be a measure of disorganized energy. The conversion 
process from organized energy to disorganized energy is irreversible. As is well known, heat 
cannot be converted entirely and reversibly into work. The rotational energy of a rotating fluid is 
capable of doing useful work until it is dissipated into thermal energy, at which point it can only 
be reorganized back into useful energy by incurring a conversion penalty. The conversion 
process from organized rotational energy to disorganized (thermal) energy was shown above to 
begin with the misalignment of l and  caused by the viscous term. In Beltrami flow 





 The general vorticity equation is simplified by a complete cancellation of all Christoffel 
symbols from the nonlinear convective terms. The known persistence of vorticity in steady 2-
dimensional Euler flow is extended to the 3-dimensional case. In particular, off-trajectory 
components of the vorticity tensor in 3-dimensional Euler flow remain constant during fluid 
motion. It is also shown that in the absence of body forces, the viscous term in a steady 
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momentum equation is the source (mathematically) of misalignment of the off-trajectory 
vorticity components relative to those of the angular momentum vector, which are also constant 
along streamlines. This is illustrated using Hill’s spherical vortex, whose pressure field possesses 
an asymmetry that is proportional to viscosity. If not for the constant-density assumption, this 
asymmetry in the pressure field would impact the density, and hence the angular momentum, and 
hence the latter’s alignment with the vorticity vector. The alignment of these two vectors is 
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